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ON THE SYMBOLIC C A L C U L U S  IN 
HOMOGENEOUS BANACH ALGEBRAS 

BY 

M I S H A  Z A F R A N  t 

ABSTRACT 

W e  c o n s t r u c t  a s t r o n g l y  h o m o g e n e o u s  B a n a c h  a l g e b r a  B so  t h a t  f o r  an  

appropriale positive integer n, (1) A(T)~ B ~ C(T); (2) n-times continuously 
difterentiable functions operate on B. 

Let A (T) denote the algebra of absolutely convergent Fourier series, and let 

C(T) denote the space of continuous functions on the circle group T. In [5], the 

author constructed a homogeneous Banach algebra B so that (1) 

A (T) ~ B ~ C(T), and (2) non-analytic functions operate on B. In this note, we 

continue our study of these algebras, and obtain a more precise symbolic 

calculus for them. We will show that n-times continuously ditterentiable 

functions operate on the Banach algebra B, for an appropriate integer n. The 

method of proof will illustrate a relationship between B and the real interpola- 

tion spaces of Lions and Peetre (see [1] and [3]). Our principal results are 

Theorems 2.2 and 2.10. We begin with some notations and comments. 

1. Let B be a commutative, semi-simple, self-adjoint Banach algebra with 

maximal ideal space T. We view B as an algebra of continuous functions on T. B 

will be called homogeneous provided the following two properties hold: 

(1) For every a E T ,  the mapping [(x)---~f(x + a) is an isometry of B into 

itself. 

(2) For  every [ ~  B, we have lima~011/(x + a)- . f (x) l lB = o. 

B will be called strongly homogeneous provided we also have 

(3) For every integer k, the operator  [ ( x )~  [(kx) maps B into itself and is of 

norm 1. 
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In [5], we obtained a negative solution to the "dichotomy problem" in the 

context of homogeneous Banach algebras. Specifically, we proved: 

THEOREM 1.1. There exists a strongly homogeneous Banach algebra B satisfy- 
ing the following two properties: 

(a) A (T) ~ B ~ C(T). 

(b) sup II e'r* I[- --< 6] r [3~2 e sl'l"2 for [ r I -~ 1. 
q, E O  
q~ real 

IIOIIB ~---- l 

In particular, non-analytic functions operate on B. 

The subexponential growth of 

NB (r) = sup ]le '~ lib 
4 ,~B 

real 
II*lle---<J 

given in estimate 1.1(b) implies only that certain classes of infinitely differenti- 

able functions operate on B (see [4], chapter 6, section 7). Following a 

suggestion of ~r. Katznelson, we seek a more precise symbolic calculus for 

homogeneou-  t anach algebras in general, and for the algebra B of 1.1 in 

particular. In this note, we will show that n-times continuously differentiable 

functions operate on B. Here  n is an appropriate positive integer. A necessary 

tool in our arguments will be the "espaces de moyenne"  of Lions and Peetre (see 

[1], chapter 3; and [3]). Let us recall some basic facts concerning these spaces. 

Let X be a Banach space. We denote by L*(X)  the space of all functions 

f:  (0, oo)---~ X which are strongly measurable with respect to the measure dt/t, 

and for which 

= dt \ ,/P 

IIf lk~(~,) = 

ess sup {[f(t)llx < m  if p = m. 
t>'0 

In case X = C, the complex numbers, we write L ~, in place of L ~,(X). 

Throughout  the remainder of this section, B ° and B '  will denote Banach 

spaces continuously embedded in a topological linear space. Define the familiar 

spaces B°+ B '  and B ° A B 1 as in [1], section 3.2 We introduce the function norm 

J( t ,x)  = max (l[x 11.% t[[x [[.,) 

for O < t < o o  and x E B ° N B  1. Also, we define for all x E B ° + B  ', and 

O < t < o o ,  
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K(t ,  x ) = inf ([[xolIB" + t][xl liB'), 

the inf imum taken  over  all r ep resen ta t ions  x = x,,+ x~ with x~ E B ' ,  i = 0, 1. 

Let  0 <  0 < 1 and 1 =< q <__oo. We  define (B~,B~)o.q.j (or Bo. , j )  to be  the  space  

of all e l ements  x ~ B ° + B '  for  which there  exists a strongly measurab le  funct ion 

u : (0, ~)---, B "  A B ~ so that 

f ~ dt 
(1) x =  u(t) T (u~I.~(B°+B')) 

I 

and 

(2) t-°J(t,  u ( t ) ) ~  L'~. 

Then  (B°,B1)o,q,j becomes  a Banach  space under  the n o r m  

Ilx Ito.q,J = inf[I t-°J(t,  u(t))llL~, 

the  inf imum taken  over  all funct ions u satisfying condi t ions  (1) and (2) above.  

W e  next  turn to the in t e rmed ia te  spaces gene ra t ed  by the " K - m e t h o d " .  If 

0 <  0 < t and 1 =<_q _<_0% we define (B°,Bt)o.q.K (or Bo.q.K) to be  the space  of all 

e l emen t s  x E B°  + B ' so that  

II x [[0,q,K = ]]t-°g(t,x)lJLZ< ~. 

U n d e r  the  n o r m  I1" kq.,, ,  (B °, B %.q,,, b ecomes  a Banach  space.  

We  refer  the r eade r  to [1], chap te r  3, and [3] for  the basic p roper t i es  of  these 

spaces.  In part icular ,  the following results will be  requi red  in the sequel .  

THEOREM 1.2. Let  0 < 0 < 1  and l <= q <- ~. Then (B°, B1)o.qj= 

(B°,Bl)o,q,K. Moreover, for all x E (B°,B1)o.q.K, we have 

(a) I[ x II0.q.J =< 4e I[ x IIo.q, K, 

and 1) 
(b) II x Ikq.,,--< ~ + ~ fl x II0.~.J. 

T h e  p roof  of this t h e o r e m  may  be  found  in section 3.2.3 of [1]. W e  will actually 

m a k e  use of  the cons tants  arising in par ts  (a) and (b) above.  

THEOaEM 1.3. Let  O < a < O < l, and let l <-<_ q <= oo. Then, ]:or all 

x ~ B ° A B  ~, we have 

C 
II X IlO, q,K ~ (1  - -  O/)l]q II X [I(B ..... .  B 1) . . . . .  

where (1 - s )a  + s • 1 = O. The constant C is independent of  a, O, q and x. 
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This result is a very special case of the well-known theorem of reiteration (see 

[1], section 3.2.4). We have only stated the theorem in the form required for our 

theory. Again, the constants arising will be of crucial importance. 

THEOREM 1.4. Let 0 < 0 < 1, and let 1 <= q <= Do. Then 

IIx Ito qJ <- - c l l x  It'. ,OIIx 

for all x E B ° A  B ~. The constant C is independent of  x, O, and q. 

This result follows easily by the methods of [3], chapter 1, section 3. 

2. In this section, we will obtain our principal results concerning the symbolic 

calculus of homogeneous Banach algebras. To this end, we recall the construc- 

tions introduced in [5]. 

DEFINITION 2.1. Let B" and B '  be Banach spaces so that B ° C B  1, with 

continuous inclusion, and let B ° be dense in B 1. Let f :  [0, oo)--.[1, oo) be a 

continuous, non-decreasing function so that f(t)---~ Do as t ~ 0% and f ( t ) / t - - - ,0  as 

t--*~.  For x ~ B  °, we define an admissible representation for x to be an 

expansion of x in the form x = Z~_, akXk, with Xk E B ° and I[xk [I,1 <= 1, 1 <_- k <_- n. 

Define 

][ x lit = inf Z [ ak j f(lt xk ll•o), 

the infimum taken over all admissible representations x = E akxk. Define 

(B °, B ~)r (or Bt) to be the completion of B ° under the norm I1" lit- 

In [5], section 2, it is shown that I[xll,,<=l[xll,<=Cllxll,o, for all x E B  °. 

Moreover,  if the norms of (B°) * and (B~) * are not equivalent, then the proper  

inclusions B ° ~ B r  ~ B  ~ obtain. Finally, if f satisfies the additional property 

f(t,t2) <= f (h) f ( t2) ,  for all t,, t2 => 0, and if B ° and B t are Banach algebras whose 

multiplications coincide, then (B°,B~)r is a Banach algebra. The case B °=  

A(T),  B ' =  C(T) and f0(t) = l og ( t+  e 2) is studied in detail in [5]. There it is 

shown that non-analytic functions operate on the strongly homogeneous Banach 

algebra (A (T), C(T))to. We will continue our study of this algebra in the sequel,  

and obtain the following theorem. (C" will denote the space of 2~ periodic, 

n-times continuously differentiable functions on R). 

THEOREM 2.2. Let  fo(t) = log(t + e2), and let B = (A(T),  C(T))ro. Then 

sup [[e"*llB <-_C[rr, 
qJ~B 
q~ real 

ll~,IIB_-< 1 
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for I rl >- 1. Here C is an absolute constant. In particular, C ~ functions operate on 

B. 

The  reader  may  wish to c o m p a r e  this result with T h e o r e m  1.1. O u r  p roof  

of 2.2 will require  a compar i son  of B with the real in terpola t ion  spaces 

(A (T), C(T))o.,..,, 0 < 0 < 1. 

NOTATION 2.3. T h r o u g h o u t  the r ema inde r  of this paper ,  C will deno te  a 

constant  i ndependen t  of all p a r a m e t e r s  which may appear .  Its value may  change  

f rom place to place. Let  f~ (t)  = (t + e2) ~ for  0 < o~ < 1, t => 0. We  write Bu,) in 

place of (B °, B t)t ~, and let I1" I1,o, deno te  the n o r m  of this space. 

LEMMA 2.4. 

for all x E B°. 

PROOF. 

that  

Assume  the notations of  2.1 and 2.3, and let 0 < 0 < 1. Then 

IIx II,,-o>- -< c l lx  I1"~011 x I1~,, 

Since B ° C B ~ with cont inuous  inclusion, we may  choose  Co > 0 so 

(1) IIx I1.,--< Collx I1.,,. 

for  every x E U °. Moreove r ,  if x E B °, with x / 0 ,  we have  x = Ilx II , ' (x IIIx I1-')is 

an admissible  r ep resen ta t ion  for  x, The re fo re ,  

IIx II<,-o,- -< IIx II.,(llx II.o/ll x I1., + e=) ' - °  

--< IIx II".,(llx I1.o+ e~ll x I1-') '-" 

<-_ (1 + C, ,ebl lx  I1"-°"11 x I1~,', 

the last inequal i ty  following by (1). This  comple tes  the proof .  

LEMMA 2.5. A s s u m e  the notations of  2.1 and 2.3, and let O< 0 < 1. Then 

(B °, B 1)o.1.j = Bo-o). Moreover, there exist constants C, and C,_ ( independent of  O) 

so that 

(,) 

for all x E B °. 

PROOF. 

Then  

c, IIx Ito.1,.,= < IIx II,,-,,~ =< GIIx  N~.1..,, 

Let  x ~ B °, and let x = E akx~ be an admissible  r ep resen ta t ion  for  x. 

IIx IIo.,.,--< ~ I a, IIIx, I1~.,..,--< c ~ la, I(11~, lIB°+ eb'-"  
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by Theorem 1.4. This implies the first inequality of (*)..The second inequality 

follows by Lemma 2.4 and Proposition 1.1, chapter 4 of [3]. 

We state the following simple lemma without proof. 

LEMMA 2.6. Let  0 < o" < 1. Then for all t >- O, we have 

2 \ < :  2 1 log (t + e ) = ~- (t + e 2)L 

LEMMA 2.7. A s s u m e  the notations of  2.1 and 2.3, define fo(t) = log(t + e2), 

and let B = (B °, B ')Io. Let  0 < a < 1, and  suppose x ~ B ° with IIx ]l,' <= 1. Then 

<z C 2 [Ix [I- = (1 - -~)  [log([Ix ]l,, -)+ e:)]:. 

PROOF. Observe first that for O< 0 < 1, we have 

(1) [Ix [[. --< 1----~ jlx [[(' o), 

for all x E B  °. 

To establish (1), let x = £ akxk be an admissible representation for x. Then by 
Lemma 2.6, 

1 e=),_. (2) JJXllB<--£1akllog(llXkllBo+e2)<=l__ 0 £ lak I(llx~ IIBo+ . 

Clearly (2) implies (1). 

Now let x E B °, with IIx lIB1--< 1, and define 0 E (c~, 1) by 

1 - 0  = ( 1 -  c~) 
log(]Ix Jl,,--, + e2) " 

Choose 0 < s < l  so that 0 = ( 1 - s ) a + s - 1 .  
By (1) and Lemma 2.5, we see 

(3) II x lib -< ~ II x I1,,,.,. 

Using Theorems 1.2 and 1.3, we then obtain 

II x lib --< ~ II x Ib,,,,, 

C 
(4) --< ( t  - 0 ) ( 1  - ,~ )  l lx  II,. ...... B l) . . . .  

= ( 1 - o ) ( 1 - ~ )  +1- -77  frxll,. ...... . , ,  .... . 
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Since s = (0 - a)/(1 - a ) ,  inequality (4), Theorem 1.4, and the fact that [Ix [[B'--< 1 

yield 

1_--'0) I1 x lIB =< l - ~ + II x IL-,,, 

(5) q ( ,  1 )  1, 
- < 1 -  0 ---Z-d + Ilxl l ,, o,, 

the last est imate following by Lemma 2.5. 
Since 

1 ( l - a )  
1-S=log(l[xj] ._~)+e 2) and 1 - 0 = l o g ( i ] x l l , l _ ~ + e 2 )  ' 

a simple numerical  calculation in (5) gives 

C 
[Ix I1~ = (1 - ,~)= [log ([[x [[,1-~ + e2)] 2, 

as claimed. 

LEMMA 2.8. Let f o ( t )= log( t+e2) ,  and define B = ( A ( T ) , C ( T ) ) t o .  Let 

to E A ( T ) b e  real-valued, and suppose that [Itollo_- < 1. Then 

IIe '~ lIB --< C [ r I z [log ([[ to [[A m + e 2)]2, 

for Ir[=> 1. 

PROOF. Applying L e m m a  2.7 to the function e"*, we see that 

C 
(1) lie"* lIB ~ (1 - a )  2 [l°g ([le"~ [["-~' + e2)]2' 

for 0 < a < l .  

Since B~l-~) is a Banach algebra, it follows that 

log (ll e "* 11,1-~, + e 2) =< C + I r III 4' I[,,-~,- 

By L e m m a  2.4 and the assumption that lit0 [[= =< 1, we have 

II to I1,, o,--< El i  to I1",~, 

Thus, inequality (1) implies 

C 
(2) II e ''~ lIB =< (1 - a )  2 [C + C Ir/11 to IIk-,~,] 2 

Choose 1 - a = Ulogdl to I1,,•, + e2)- m simple computa t ion  in (2) then yields for 

Irl_->l, 
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Ile"~llB ~ El r 12[log(ll0 IIA~T,÷ e2)l 2, 
as desired. 

We are now in a posit ion to obtain T h e o r e m  2.2. The  argument  is similar to 

that of [5]. However ,  we now apply the est imate of L e m m a  2.8 in place of the 

obvious inequali ty II e '"~ lib <= C + f i r  I110 IIA,T, used in the proof  of t heo rem 1.4 of 

[5]. H e r e  f rl--> 1 and 0 is a real-valued funct ion in A (T). 

PROOF OF THEOREM 2.2. Fix I rl > 1. Let  0 E A ( T )  be real-valued and 

suppose  that II 0 lib --< 1. Let  0 = E ak0k be an admissible representa t ion  for 0 so 

that ~Iak flog ([[ Ok II~r, + e 2) < 2. Since 0 is real-valued,  it is easy to see that we 

may assume ak @ R and Ok is real-valued,  1 =< k =< n. We write 

~h= ~ 2 ak0k+ ~ 2 a~0~ = ¢ ~ + ¢ 2 ,  
log(rF'kkllA(T)+e ) - -<Fr ]  Iog(llc'k]lA(T)+e )>lrl 

and est imate  separate ly  e ''~, and e 'r~. 

Consider  first the term e '~'. Not ice  that cp~ is real-valued,  and II ~ I1o --< Y. la~ I --< 

~ l a ~  I log(ll0~ I1,,(~,÷ e2) -< 1. Thus,  L e m m a  2.8 asserts that 

(1) [! e ''¢' lib -< C I r 12 [log (l] ¢,  IlA(r)+ e 2)]2. 

We now observe  that 

Iog(ll~k/[A (T)+ e )~lrl 

(2) 
<= eJ~'~ la~ I<-~e~'~ la~ I log(ll0~ I1~, + e2) --- e ~. 

By (1) and (2), it follows easily that 

(3) tl e'~,l[. _-< f i r [  ~. 

In order  to est imate the term e ~'~, we note  that for  s > l ,  q~2-- 

Y~k,~J'''L;,k,~sak,'''a~,Ok~'''Ok~ is an admissible representa t ion  for ~ .  Here  

J : {k /log (ll Ok IIA,~, + e 2) > [ r  [}. There fore ,  

I l l , l iB-  -< ~ . . .  ~ lak, J'''lak~llog([lok,'''Ok,[[ACr, +e2) 
I¢l~J ksEJ 

<= ~ ""  ~ lak, I' ' ' lak,[ ( ~  'og({{0k'HA~r'+ e2)) 
k IEJ ksEJ 

(4) 
< S 

E "" E la~,l"la~l~l°g(llO~,ll~,~r, +e2) 
k l E J  ks@J i21  

s2 ~ 
=lrl~-~" 
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The penultimate inequality follows since log ([[ Ok, [[A(T) ~- e 2) > [r[ for all k, E J. 

(Here we use the simple fact that x,-> N > 0, 1 _-< i-< s, implies that ET=~ x,-< 

( s / N  ~-~) II~=, x,.) The last inequality holds since E l ak I log ([] Ok [la(T)+ e 2) < 2. 

Using the Taylor series expansion for e ''~, we obtain by (4) 

l[e"~=ll, <[[1[[, + ~ /r/sl]'P~[[" 
= ~=~ s! 

(5) 
< = C + £  ~ s2" < C[r( .  

s! Irl 
Combining (3) and (5) yields 

(6) l i e ' '  II, = ][eir('Pl+'Pz)[[B ----< [[e"*']l-Ile"*2f[- -----< Clrr .  

It is well-known that the estimate (6) implies that C ~ functions operate on B 

(see, for example, [4], chapter 6, section 7). The proof is complete. 

The arguments of 2.5-2.8 indicate a definite relationship between the spaces 

(B °, B l)t and the real interpolation spaces of Lions and Peetre. It is thus not 

surprising that (B °, B ' ) t  often enjoys an interpolation property. Specifically, we 

have the following result. 

PROPOSITION 2.9. Let (B° ,B ~) and ( D ° , D  1) be two pairs of Banach spaces 

satisfying the notations of 2.1. Let f be as in 2.1, and suppose that there exists a 

function h:[0,~)---~[0,~) so that f ( s t )<=h(s ) f ( t ) ,  for every s,t>=O. Let 

T: B°--~ D ° be a linear operator so that 

II T(x)IID, --< M, Ilx I1.', 

1" = 0, 1, for all x E B°. Then 

(Mo] 
II T(x)IID, ----< M,h \M, ]  [Ix II-,, 

for all x E B". 

The proof of this result is similar in spirit to proof of Theorem 3.2.23 of [1]. 

The argument is thus left to the reader. 

Finally, we note that Theorem 2.2 leads to a generalization of itself. 

THEOREM 2.10. Let f,(t) = log(t + eZ), and let B = (A(T), C(T))~,. Define 

D = (B, C(T))I,.. Then D is a strongly homogeneous Banach algebra satisfying 

(a) A ( T ) ~ D  ~ C(T). 

(b) sup Ite"+llD<=Clrr-, for lrj>= l. 
4 , ~  D 

real 

r l+ l ID  ~ i 
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In particular, C 3 [unctions operate on D. 

PROOF. The arguments of [5] show that D is a strongly homogeneous Banach 

algebra. Since B ~ C(T) and B is dense in C(T), the norms of B * and C(T)* are 

not equivalent. The discussion following 2.1 thus implies part (a). 

Part (b) follows by a proof similar to  that given in Theorem 2.2. Let 4' be a 

real-valued function in A (T) with [[ 4' [Io =< 1. Let 4' = E ak4'k be an admissible 

representation for 4' so that for all k, ak E R, 4'k is real-valued, and so that 

Z ta~ 4log (114'~ lib + e ~) < 2. For I r t ->- 1, we  write 

= ~ ak4'k + ~ ak4'k = ~pl + ~2. 
~/ log(Fl~0k e2)~lrl log(ll~k e2)>lrl 

We now need only replace inequality (1) in the proof of 2.2 by the estimate 

[[e"~,llu --< log (l[e'r~,ll a + e z) 

-<log(C/r/S[[~,[[~+ C) <- C l r l ,  

which itself is a consequence of Theorem 2.2. The remainder of the proof follows 

by the argument of 2.2. 

We conclude by observing that the appropriate analogues of our principal 

results, Theorems 2.2 and 2.10, remain valid on infinite LCA groups. 
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