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ON THE SYMBOLIC CALCULUS IN
HOMOGENEOUS BANACH ALGEBRAS

BY
MISHA ZAFRAN'

ABSTRACT

We construct a strongly homogeneous Banach algebra B so that for an
appropriate positive integer n, (1) A(T)Z B & C(T); (2) n-times continuously
differentiable functions operate on B.

Let A (T) denote the algebra of absolutely convergent Fourier series, and let
C(T) denote the space of continuous functions on the circle group T. In [5], the
author constructed a homogeneous Banach algebra B so that (1)
A(T)Z B & C(T), and (2) non-analytic functions operate on B. In this note, we
continue our study of these algebras, and obtain a more precise symbolic
calculus for them. We will show that n-times continuously differentiable
functions operate on the Banach algebra B, for an appropriate integer n. The
method of proof will illustrate a relationship between B and the real interpola-
tion spaces of Lions and Peetre (see [1] and [3]). Our principal results are
Theorems 2.2 and 2.10. We begin with some notations and comments.

1. Let B be a commutative, semi-simple, self-adjoint Banach algebra with
maximal ideal space T. We view B as an algebra of continuous functionson T. B
will be called homogeneous provided the following two properties hold:

(1) For every a €T, the mapping f(x)— f(x + a) is an isometry of B into
itself.

(2) For every f € B, we have lim,_|f(x + a)— f(x)|ls = 0.

B will be called strongly homogeneous provided we also have

(3) For every integer k, the operator f(x)— f(kx) maps B into itself and is of

norm 1.
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In [5], we obtained a negative solution to the “dichotomy problem” in the
context of homogeneous Banach algebras. Specifically, we proved:

THEOREM 1.1.  There exists a strongly homogeneous Banach algebra B satisfy -
ing the following two properties:
(@) A(T)gB E C(T).

(b) sup [le™ s =6|r[e”™™ for |r|z=1.
YEB

real

[
Iwls=1
In particular, non-analytic functions operate on B.

The subexponential growth of

Ng(r)= Tég fle™lls

¢ real
lleiis =1

given in estimate 1.1(b) implies only that certain classes of infinitely differenti-
able functions operate on B (see [4], chapter 6, section 7). Following a
suggestion of Y. Katznelson, we seek a more precise symbolic calculus for
homogeneou. I anach algebras in general, and for the algebra B of 1.1 in
particular. In this note, we will show that n-times continuously differentiable
functions operate on B. Here n is an appropriate positive integer. A necessary
tool in our arguments will be the “‘espaces de moyenne’ of Lions and Peetre (see
[1], chapter 3; and [3]). Let us recall some basic facts concerning these spaces.

Let X be a Banach space. We denote by L}(X) the space of all functions
f: (0,2)— X which are strongly measurable with respect to the measure dt/t,
and for which

([[1rord) <= t1=p<e=,

If

]L;oo =

esssup [[f(t)lx <o if p =0,
>0

In case X =C, the complex numbers, we write L% in place of L3H(X).
Throughout the remainder of this section, B’ and B' will denote Banach

spaces continuously embedded in a topological linear space. Define the familiar

spaces B’+ B'and B°N B' as in [1], section 3.2 We introduce the function norm

J(t,x) = max (|| x flse, ]| |s")

for 0<t<ow and x € B°N B'. Also, we define for all x € B°+ B"', and
0<t<oo,
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K(t,x) = inf([[xollse + t]lx:]l5),

the infimum taken over all representations x = xo+ x;, with x, E B, i =0, 1.

Let 0< 6 <1and 1 =g =w. We define (B°, B')s, (or By,,) to be the space
of all elements x € B’ + B' for which there exists a strongly measurable function
u:(0,2)— BN B’ so that

(1) x=J:]x u(l)g;—t (ueL¥B°+B")

and
) It u(@)ELE.
Then (B°, B')s,, becomes a Banach space under the norm
B = inEl 200w ()

the infimum taken over all functions u satisfying conditions (1) and (2) above.

We next turn to the intermediate spaces generated by the “K-method”. If
0<6<1and1=gq =, we define (B, B')oqx (OF By,x) to be the space of all
elements x € B’+ B' so that

% oo x = ll67°K (5, x)

g < o

Under the norm | - [lo,qx, (B® B')eqx becomes a Banach space.
We refer the reader to {1], chapter 3, and [3] for the basic properties of these
spaces. In particular, the following results will be required in the sequel.

THEOREM 1.2. Let 0<8<1 and 1=g=w.  Then (B° BY)y,s=
(B, B")o,q,x. Moreover, for all x € (B°, B")s.ox, we have

@) 1% loqr=4e ] x]oqx,
and

®) 15 loax= (T25+ ) 1% loar

The proof of this theorem may be found in section 3.2.3 of [1]. We will actually
make use of the constants arising in parts (a) and (b) above.

THEOREM 1.3. Let 0<a<0<1, and let 1=q=w. Then, for all
x € B°N B, we have

1o S 7= g 1 s

where (1—s)a +5-1= 6. The constant C is independent of a, 8, q and x.
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This result is a very special case of the well-known theorem of reiteration (see
[1], section 3.2.4). We have only stated the theorem in the form required for our
theory. Again, the constants arising will be of crucial importance.

THEOREM 1.4. Let 0<0 <1, and let 1 =q =, Then
lx floqr= Cllx 157 [1x [l3,
for all x € B°N B'. The constant C is independent of x, 0, and q.

This result follows easily by the methods of [3], chapter 1, section 3.

2. In this section, we will obtain our principal results concerning the symbolic
calculus of homogeneous Banach algebras. To this end, we recall the construc-
tions introduced in [5].

DeriniTION 2.1, Let B” and B' be Banach spaces so that B°C B', with
continuous inclusion, and let B® be dense in B'. Let f:[0,0)—[1,%) be a
continuous, non-decreasing function so that f(t)— o as t — «, and f(¢)/t =0 as
t —>», For x € B°, we define an admissible representation for x to be an
expansion of x in the form x = Z}_, aux, with x, € B’ and [ [[p =1, 1=k =n.
Define

I Jly = inf X @ | ([} la),
the infimum taken over all admissible representations x = X a.x.. Define
(B% B'); (or By) to be the completion of B under the norm | - ||,.

In [5], section 2, it is shown that [x|lz*=| x|, = C| x|, for all x € B°.
Moreover, if the norms of (B°)* and (B')* are not equivalent, then the proper
inclusions B°E B; & B' obtain. Finally, if f satisfies the additional property
f(ti) = f(1)f(t2), for all ¢, 1,20, and if B® and B' are Banach algebras whose
multiplications coincide, then (B° B'); is a Banach algebra. The case B°=
A(T), B'= C(T) and fo(t) = log(t + €7) is studied in detail in [5]. There it is
shown that non-analytic functions operate on the strongly homogeneous Banach
algebra (A (T), C(T));,- We will continue our study of this algebra in the sequel,‘
and obtain the following theorem. (C" will denote the space of 27 periodic,
n-times continuously differentiable functions on R).

THEOREM 2.2. Let fo(t) = log(t + e?), and let B = (A(T), C(T));,. Then
sup [le™ |ls = C|r[’,
YEB

¥ real
lella=1
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for |r| = 1. Here C is an absolute constant. In particular, C°® functions operate on
B.

The reader may wish to compare this result with Theorem 1.1. Our proof
of 2.2 will require a comparison of B with the real interpolation spaces
(A(T), C(T))ers, 0<H <1,

NortaTion 2.3. Throughout the remainder of this paper, C will denote a
constant independent of all parameters which may appear. Its value may change
from place to place. Let f, (t)=(t+e?) for 0<a <1, t Z0. We write B, in
place of (B°, B'),, and let |||/, denote the norm of this space.

LEMMA 2.4. Assume the notations of 2.1 and 2.3, and let 0 <0 < 1. Then

l1x fla-or = Cllx l55° | x {5,
for all x € B°.

Proor. Since B°C B' with continuous inclusion, we may choose C,> 0 so
that

1) Ix lls* = Cofl x [|ae,

for every x € B®. Moreover, if x € B?, with x # 0, we have x = ||x ||s:(x /|| x ||s1) is
an admissible representation for x. Therefore,

lx lla-oy = Nl o x [lae/ [l x e + €)'~
=[x 5 ellx oo + €[l [ls1)"
=1+ Goe))x 5] x [l52,
the last inequality following by (1). This completes the proof.

Lemma 2.5. Assume the notations of 2.1 and 2.3, and let 0 <8 <1. Then
(B®, B")o.1.5= Bq-e). Moreover, there exist constants C, and C. (independent of )
so that

(*) Cillxflers =l x fla-o) = Callx flns,
for all x € B°.

Proor. Let x € B°, and let x = 2 a.x, be an admissible representation for x.
Then

12 fors= 2 a0 flass = € 2 || (e oo + €7)'
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by Theorem 1.4. This implies the first inequality of (*). The second inequality
follows by Lemma 2.4 and Proposition 1.1, chapter 4 of [3].
We state the following simple lemma without proof.

LEMMA 2.6. Let 0 <o < 1. Then for all t 20, we have
log (¢ + 2)<l(t+ i
g e) = e’y

LemMa 2.7. Assume the notations of 2.1 and 2.3, define fo(t) = log(t + e?),
andlet B = (B°, B"),. Let 0 < a < 1, and suppose x € B° with ||x ||z = 1. Then

Il = =g log oo+ €)F:

Proor. Observe first that for 0 < 8 <1, we have

1
1) Ixlls = 5= Ixla-o,

for all x € B°.
To establish (1), let x = 2 a,x, be an admissible representation for x. Then by
Lemma 2.6,

@ lxls =2 ac]log (| xclae+ €? )~1_ 2 la] (oo + €)'

Clearly (2) implies (1).
Now let x € B°, with ||x [s: =1, and define § € (e, 1) by

_ (1-a)
1-0= log (lx flo-ay + €%)

Choose 0 <s<1sothat 6 =(1-s)a+s-1.
By (1) and Lemma 2.5, we see

©) 5l =7 1x o

Using Theorems 1.2 and 1.3, we then obtain

xlo <755 Ix e

C
HT)(I——Q) 1% llgas,0.8150.x

A

)

lIA

C 1 1
(1-0)1-a) (;+ 1= s) 1% 5031
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Since s = (# — @)/(1 — @), inequality (4), Theorem 1.4, and the fact that || x [[z;* =1
yield

Ixls =55 (o5 1= Mxm”
) c

i< (g7t ) I

the last estimate following by Lemma 2.5.

lIA

Since
1 (1-a)
= and 1-0
log (|| la-a + €%) log(”x flt-ar +€%) 7

a simple numerical calculation in (5) gives

Ixlle = =gy log (U a-er €3,

as claimed.

Lemma 2.8. Let fo(t)=log(t +e?), and define B =(A(T),C(T)), Let
¢ € A(T) be real-valued, and suppose that || |.=1. Then

le™lls = Clr [ [log (Il lacy+ €)',
for [riz 1.

ProoF. Applying Lemma 2.7 to the function e™, we see that

© el = =y log (e fomwr+ €T,

for0<a <1.
Since B-., is a Banach algebra, it follows that

log(lle™ llo-ar+ €)= C +[r | ¢ 1-a)-

By Lemma 2.4 and the assumption that |¢]l.= 1, we have

[¥lo-or=Clo s
Thus, inequality (1) implies

@ el = =gy [C + Clrllw iy

Choose 1~ a = 1/log(]| |acy + €7). A simple computation in (2) then yields for
[rlz1,
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lle™lls = Clr[log (¢ lae+ €],
as desired.

We are now in a position to obtain Theorem 2.2. The argument is similar to
that of [5]. However, we now apply the estimate of Lemma 2.8 in place of the
obvious inequality | e™ [l = C + C|r|| ¢ |lacr used in the proof of theorem 1.4 of
[5]. Here [r|=1 and ¢ is a real-valued function in A (T).

ProoF OF THEOREM 2.2. Fix |r|= 1. Let ¢ € A(T) be real-valued and
suppose that |||z = 1. Let ¢ = = a. be an admissible representation for ¢ so
that 2| a, |log (|| ¢ [laery + €%) < 2. Since ¢ is real-valued, it is easy to see that we
may assume d; € R and ¢ is real-valued, 1 =k = n. We write

U= z ah + 2 . = @1t @2,

log(lw .4 (ry+e )=lr) Tog(lilla ¢yt e 3= 1r]

and estimate separately e" and e "
Consider first the term e ™. Notice that ¢, is real-valued, and | ¢, . =2 |a. | =
32 a |log (|| lam + €?) = 1. Thus, Lemma 2.8 asserts that

0] fle"e
We now observe that

leillam = > |ai ||| e

Tog(lonc ) am+e=lr|

s =C|rllog(leilam+ e?))".

2
=e" 2 ]akléée"’ E Jak[log(lldlk ”A(T)+ ez)gem-

By (1) and (2), it follows easily that
€)) le™ s = Clr["

s

In order to estimate the term e™2, we note that for s=1, 3=
Zier  Zaer Gyt Qg - - Pk, 1s an admissible representation for ¢5. Here
J=1{k llog(ll Ui ||am+ %) > r|}. Therefore,

leslle = X -+ X law] - |a,
Kied Kk eJ

log (|4, -+ ¥, laeny + €7)

=2 k,zejlakll - la (21 log (| ¢, [lacry + ez))

@ S
g,rﬁ_] kzel o kzel |l a] ,IJ log ([[Yn flaem + €)
s2

lIA

[
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The penultimate inequality follows since log (|| ¢, lam + €7)>|r] for all k, € J.

(Here we use the simple fact that x;, = N >0, 1 =i =5, implies that Zi_, x; =

(s/N*"YII;_, x;.) The last inequality holds since = |ai [log(||gu [lam + €%) < 2.
Using the Taylor series expansion for e"*;, we obtain by (4)

irg. < r : ;-
el =01l + 3, [ELezle

) o (s ons
sc+ s o)

s

Combining (3) and (5) yields

(6) ”einb HB = ”eir(w.wp”B = ”einp‘”B ”empz

s =C|rf.

It is well-known that the estimate (6) implies that C* functions operate on B
(see, for example, [4], chapter 6, section 7). The proof is complete.

The arguments of 2.5-2.8 indicate a definite relationship between the spaces
(B° B'); and the real interpolation spaces of Lions and Peetre. It is thus not
surprising that (B°, B'); often enjoys an interpolation property. Specifically, we
have the following result.

ProrosiTioN 2.9. Let (B° B') and (D°, D') be two pairs of Banach spaces
satisfying the notations of 2.1. Let f be as in 2.1, and suppose that there exists a
function h:[0,0)—[0,%) so that f(st)=h(s)f(t), for every s, t=0. Let
T: B°— D" be a linear operator so that

1T ) o = M [ x [,

j=0,1, for all x € B°. Then

ITGo, = M (1) 1L

for all x € B".

The proof of this result is similar in spirit to proof of Theorem 3.2.23 of [1].
The argument is thus left to the reader.
Finally, we note that Theorem 2.2 leads to a generalization of itself.

THeOREM 2.10. Let fo(t)=log(t +e°), and let B =(A(T), C(T)),. Define
D = (B, C(T));. Then D is a strongly homogeneous Banach algebra satisfying
(@ AMED g C(M).
(b) sup [[e™|p=C]|r
yeD

& real
lelp=1

 for |riz 1.
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In particular, C* functions operate on D.

Proor. The arguments of [5] show that D is a strongly homogeneous Banach
algebra. Since B# C(T) and B is dense in C(T), the norms of B* and C(T)* are
not equivalent. The discussion following 2.1 thus implies part (a).

Part (b) follows by a proof similar to that given in Theorem 2.2. Let ¢ be a
real-valued function in A (T) with ||¢|» =1. Let ¢ = = auf be an admissible
representation for ¢ so that for all k, ax €R, i is real-valued, and so that
2 lac [log (|| ¢n s + €*)<2. For |r| = 1, we write

¥ = ?_j a + ; af = @1t Q.
tog(lt 5 +e?)=lr) tog(lvifa+e?)=Ir|

We now need only replace inequality (1) in the proof of 2.2 by the estimate

irp
le™

o = log(|le" |5 + €?)
=log(ClrPlleiz + C)=Clr|,

which itself is a consequence of Theorem 2.2. The remainder of the proof foliows
by the argument of 2.2.

We conclude by observing that the appropriate analogues of our principal
results, Theorems 2.2 and 2.10, remain valid on infinite LCA groups.
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